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Abstract

We consider the linear stability of a boundary-layer flow over a permeable surface under conditions of intense

interfacial mass transfer. The stability of the flow is governed by an eigenvalue problem of Orr–Sommerfeld type

coupled to a second-order differential equation for the concentration disturbance field through a flux boundary con-

dition at the permeable surface. Previous studies on this problem have ignored the effect on the stability of the flow of

this coupling. Curves of neutral stability and the critical Reynolds number for the flow are obtained. These show that

the fully coupled system produce critical Reynolds numbers and wave-numbers that, in some cases, differ significantly

from those obtained when the disturbance coupling is ignored.

� 2003 Elsevier Ltd. All rights reserved.
1. Introduction

Our concern is with the stability of boundary-layer

flows in the presence of mass transfer across a porous

surface. Flows through or over porous media abound,

occurring in reactors of all kinds, in many chemical

engineering processes, in aeronautics, in waste disposal,

in aquifers, in fossil fuel deposits and in high intensity

heat and interfacial mass transfer processes. Develop-

ments of new technologies in these areas require both

improvements in our ability to create adequate mathe-

matical models and in our understanding of the funda-

mental physical processes involved in the fluid flow.

There are numerous forces which drive mass transfer.

By far the most significant of these is the concentration

gradient (see Bird et al. [2]). The other important forces

are mechanical or external driving forces such as pres-

sure gradients, gravity and electromagnetic forces that

may act unequally on various chemical species. The ef-
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fects of external forces on boundary-layer flows and

their hydrodynamic stability have been studied exten-

sively. However, very little research has been conducted

into the effect of diffusion on flow instability. In order to

focus solely on these effects we will neglect all mechan-

ical driving forces in our analysis.

Our aim is to obtain a more comprehensive under-

standing of the disturbance dynamics of boundary-layer

flows in the presence of diffusion. We focus on the linear

stability analysis of a Blasius boundary-layer flow over a

semi-infinite, flat, permeable plate across which a con-

centration gradient exists. One such example is provided

by the flow of a fluid containing a chemical species A, at

a specified concentration, over a porous surface below

which resides the same fluid but with species A at a

different concentration. Diffusion through the surface

will occur, and its direction will be prescribed by the sign

of the concentration difference between the substrate

and the upper fluid.

The problem of boundary-layer flow under condi-

tions of interfacial heat and mass transfer, governed by

the classical Prandtl equations, the laminar boundary

layer convection–diffusion equation and the steady heat

transfer equation was first treated by Hartnett and
erved.

mail to: ihalatch@maths.adelaide.edu.au


Nomenclature

a; b differential equation coefficients

A dimensionless wave number

C concentration

c dimensionless phase velocity

D diffusion coefficient

f ; g Blasius similarity function and concentra-

tion field, respectively

F ;G disturbance velocity and concentration am-

plitudes

i imaginary number

k parameter

L characteristic length

M molecular mass

p pressure

P disturbance pressure

Re Reynolds number

Rd Reynolds number based upon boundary-

layer thickness

Sc Schmidt number

t time

u; v disturbance velocities in the x- and y-direc-
tion

U ; V velocity in x- and y-direction
x; y Cartesian coordinates along and normal to

the plate, respectively

y normal coordinate

Y boundary-layer coordinate

Greek symbols

a wavenumber

b=a phase velocity

d boundary-layer thickness

� infinitesimally small perturbation parameter

g similarity variable

h mass-transfer parameter

k length number

m kinematic viscosity

p pi

q density

u dimensionless momentum amplitude

r dimensionless concentration amplitude

Subscripts and superscripts

� dimensional quantities

0 conditions of the transferred substance as

well as flow conditions

B boundary-layer flow conditions

crit critical value of a parameter

max maximum

min minimum
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Eckert [13]. The system was subject to boundary con-

ditions accounting for foreign fluid injection (with a

blowing velocity V ðx; 0Þ 6¼ 0). It was shown that in the

case when V ðx; 0Þ � x�1=2 the governing equations admit

self-similar solutions. These self-similar solutions en-

abled them to conclude that the velocity, concentration

and temperature profiles are greatly influenced by either

‘‘suction’’ or ‘‘blowing’’. For example, the skin-friction

demonstrated a significant increase with increasing level

of suction.

The stability of such flows was considered by Boy-

adjiev and co-workers in a series of articles [3–5,12].

These all employed an approximation in which the

boundary conditions for the disturbance wave field were

linearized. The linearization resulted in a decoupling

of the disturbance equations thus leading to a classical

eigenvalue problem of Orr–Sommerfeld type. The ap-

proximation employed in these works was based upon

the observation that the inhomogeneous boundary

condition on the vertical disturbance velocity compo-

nent contains a term proportional to the reciprocal of

the Reynolds number. It was argued that even for

moderate value of the Reynolds number, this term

would be small and hence that the inhomogeneity could

be ignored (see expression (15)). Under such an ap-
proximation the only way mass transfer can affect the

stability of the flow is through its influence on the basic

flow; for example, by changing the shape of the velocity

profile. Although this approximation serves to capture

the qualitative effect of the mass transfer on the stability

of the flow, it does not correctly predict the critical pa-

rameter values for the onset of instability (values such as

the Reynolds number, wave-number and wave-speed).

Accurate values of these parameters are necessary if the

theory of finite amplitude disturbances in such flows is

to be developed. To do this the fully coupled system

must be solved. Such is the concern of this work.

Before proceeding to a precise formulation of the

problem at hand it is worth noting that problems, that at

first glance, appear similar to that considered here are

encountered in the study of buoyancy driven flows. In

this case the coupling between fluid momentum and an

externally applied force, in this case buoyancy due to

surface heating, occurs directly in the equations. Rep-

resentative examples can be found in the work of Geb-

hart et al. [11] on laminar natural convection flow

arising from a steady thermal line source positioned at

the leading edge of a vertical adiabatic surface, the work

by Lee et al. [9] on natural convection in laminar

boundary-layer flows along vertical and horizontal
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plates with uniform wall temperature and uniform

vectored surface mass transfer, that of Brewster and

Gebhart [7] on the stability analysis of a laminar mixed-

convection boundary layer adjacent to a vertical iso-

thermal surface and the stability of horizontal mixed

convection boundary layer considered by Mureithi et al.

[15]. The important difference between the mass transfer

problem (the object of the current study) and heat

transfer problems is that in the mass transfer problem

there is no direct coupling between the field equations

themselves; such coupling occurs only through the

boundary conditions applied at the surface. This form of

coupling requires some care when implementing any

numerical scheme to solve the equations governing an

infinitesimal disturbance.

The structure of the paper is as follows. In Section 2

we formulate the problem and present some details of

the basic boundary-layer flow we will consider. The

stability problem is formulated in Section 3 and the fully

coupled eigenvalue problem governing the stability of

the flow is derived. In Section 4 we describe the salient

features of the numerical scheme used to solve the ei-

genvalue problem of Section 3. Our results are presented

in Sections 5 and 6 we present some brief conclusions

and possible future directions of investigation.
2. Formulation

Consider the laminar flow of a viscous incompress-

ible fluid over a flat, semi-infinite, permeable plate across

which a concentration gradient exists (see Fig. 1). In

practice below the surface is a reservoir of fluid which is

kept fully mixed so as to ensure that the concentration at

the surface remains constant. The concentration differ-

ence induces a mass flux at the permeable surface. The

rate v�n of the induced flow can be defined in terms of the

mass flux through the surface as

v�n ¼ �MD
q�

oC�

on
; ð1Þ

where M is the molecular mass, D is the diffusion coef-

ficient, q� the density of the fluid, C� the concentration

and o=on denotes the derivative normal to the permeable

surface; in the case of the flat-plate boundary layer

o=on ¼ o=oy� (see expression (19.3–13) of Bird et al. [2]).
Fig. 1. A schematic description of the flow.
Let x� and y� denote Cartesian coordinates aligned

along and normal to the plate surface, respectively, U �

and V � the corresponding velocity components, P � the

pressure, m the kinematic viscosity, C� the concentration

and q� the fluid density. We will only consider the case

of a fluid of constant density. Here an asterisk denotes a

dimensional quantity. We define non-dimensional vari-

ables according to

ðx�; y�Þ ¼ Lðx; yÞ; t� ¼ Lt
U1

; ðU �; V �Þ ¼ U1ðU ; V Þ;

C� ¼ C�
1 þ ðC�

0 � C�
1ÞC; P � ¼ q�U 2

1P ;

where L is a typical length (for example, the distance

from the leading edge of the plate), U1 the free-stream

speed, C�
0 the concentration at y� ¼ 0 and C�

1 the con-

centration as y� ! 1. The resulting non-dimensional

equations governing the flow are then

oU
ox

þ oV
oy

¼ 0; ð2aÞ

oU
ot

þ U
oU
ox

þ V
oU
oy

¼ � oP
ox

þ 1

Re
o2

ox2

�
þ o2

oy2

�
U ; ð2bÞ

oV
ot

þ U
oV
ox

þ V
oV
oy

¼ � oP
oy

þ 1

Re
o2

ox2

�
þ o2

oy2

�
V ; ð2cÞ

oC
ot

þ U
oC
ox

þ V
oC
oy

¼ 1

ScRe
o2

ox2

�
þ o2

oy2

�
C: ð2dÞ

In general these must be solved subject to the initial

conditions

U ¼ 1; V ¼ 0; C ¼ 1 at x ¼ 0

and boundary conditions

U ¼ 0; V ¼ � h
ScRe

oC
oy

; C ¼ 1 on y ¼ 0;

U ! 1; C ! 0 as y ! 1: ð3Þ

Here Re ¼ U1L=m is the Reynolds number, Sc ¼ m=D
is the Schmidt number and h ¼ MðC�

0 � C�
1Þ=q� is a

parameter which characterises the intensity of the mass

transfer across the permeable surface (see Ref. [3] for

details).

In the limit of large Reynolds number the flow nat-

urally develops a boundary layer of thickness OðRe�1=2Þ
attached to the leading edge of the plate. We introduce

boundary-layer variables

y ¼ Re�1=2Y ; U ¼ UB; V ¼ Re�1=2VB; C ¼ CB;

where y is the physical coordinate and Y the boundary-

layer coordinate. The steady boundary-layer equations

are then

oUB

ox
þ oVB

oY
¼ 0; ð4aÞ
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UB

oUB

ox
þ VB

oUB

oY
¼ o2UB

oY 2
; ð4bÞ

oPB

oY
¼ 0; ð4cÞ

UB

oCB

ox
þ VB

oCB

oY
¼ 1

Sc
o2CB

oY 2
; ð4dÞ

where, for simplicity, we have assumed that the free-

stream speed is uniform in which case oPB=ox ¼ 0. The

boundary conditions appropriate to this system are,

from (3),

UB ¼ 0; VB ¼ � h
Sc

oCB

oY
; CB ¼ 1 on Y ¼ 0;

UB ! 1; CB ! 0 as Y ! 1: ð5Þ

Noting that CBY ð0Þ < 0 the mass transfer has the

effect of prescribing a blowing or suction velocity at the

surface, depending upon whether h is positive or nega-

tive. Our concern is with how this diffusion driven mass-

transfer affects the hydrodynamic stability of the flow.

In what follows we will employ a similarity solution

to the boundary-layer equations as our basic flow. In-
Fig. 2. Graphs of the Blasius function f 0ðgÞ and the basic concentratio

h for Schmidt number Sc ¼ 0:1.
troducing the similarity variable g ¼ Y =x1=2 we find that

the boundary-layer equations (4) admit similarity solu-

tions of the form

g ¼ Y
x1=2

; UB ¼ f 0ðgÞ; VB ¼ 1

2
ffiffiffi
x

p ðgf 0 � f Þ;

CB ¼ gðgÞ; ð6Þ

where the functions f and g satisfy

f 000 þ 1

2
ff 00 ¼ 0; g00 þ Sc

2
g0f ¼ 0 ð7Þ

subject to the boundary conditions

f ð0Þ ¼ 2h
Sc

g0ð0Þ; f 0ð0Þ ¼ 0; gð0Þ ¼ 1;

f 0ð1Þ ¼ 1; gð1Þ ¼ 0: ð8Þ

The two-point boundary-value problem (7)–(8) was

solved numerically using a simple shooting technique

based upon a fourth-order Runge–Kutta quadrature

scheme and Newton–Raphson iteration. Plots of stream-

wise velocity f 0ðgÞ and concentration gðgÞ are presented

in Fig. 2 for the representative case of Sc ¼ 0:1.
n gðgÞ versus g at different values of the mass-transfer parameter



I.A. Halatchev, J.P. Denier / International Journal of Heat and Mass Transfer 46 (2003) 3881–3895 3885
The effect of mass transfer on the boundary layer

has been considered by Boyadjiev and Vulchanov [6]

who demonstrated that the secondary flow, with flow

rate f ð0Þ, does not change the qualitative character of

the flow but simply serves to modify the shape of the

velocity profile f 0ðgÞ through the change in the value of

the skin friction. The skin friction f 00ð0Þ and concen-

tration gradient at the wall g0ð0Þ at different values of

the mass-transfer parameter h and Schmidt number Sc
are shown in Fig. 3. These calculations have been carried

out for values of the mass-transfer parameter h within

the interval [�1; 1] and for values of the Schmidt

Sc ¼ 0:01, 0.2, 0.5, 0.7, 1 (corresponding to gas flows)

and Sc ¼ 2, 25, 50, 100 (corresponding to liquid flows).

From Fig. 3 we observe that there is a strong depen-

dency of the skin friction f 00ð0Þ on both h and Sc. At

low values of the Schmidt number (note Sc ¼ m=D),

corresponding to a thicker concentration boundary

layer, one can expect rapid momentum boundary-layer

thickening even at moderately low values of the mass-

transfer parameter h (the case of gas flows). As the

concentration boundary-layer thickness decreases, for

increasingly higher values of the Schmidt number,
Fig. 3. Graphs of f 00ð0Þ and g0ð0Þ ver
the effect of the secondary flux through the surface (the

‘‘suction’’ or ‘‘blowing’’) becomes less significant and

the diffusion has little or no impact on the boundary-

layer growth as evidenced by the plots of skin friction

f 00ð0Þ in Fig. 3. It is also apparent that the boundary-

layer flow will more readily separate for lower Sc (the

gas case). For higher Schmidt number (as occur in liquid

flows), the boundary-layer growth is similar to the

classical Blasius boundary-layer ( x1=2) and this be-

haviour persists even at high values of the mass-transfer

parameter h. The concentration gradient through the

interface g0ð0Þ also shows a marked (non-linear) de-

pendency on h and Sc. Fig. 3 shows that the absolute

value of the concentration gradient increases with Sch-

midt number. This increase is far more pronounced in

the ‘‘suction’’ regime than in the ‘‘blowing’’ regime. At

fixed values of the mass-transfer parameter h the con-

centration gradient decreases with a decrease in Schmidt

number Sc. Nevertheless its impact on the boundary-

layer growth is significant due to the corresponding in-

crease in the thickness of the concentration boundary

layer and its interaction with the hydrodynamic

boundary layer.
sus h for different values of Sc.
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3. Linearized instability of the boundary-layer flow

In order to consider the linear stability of the flow we

superimpose an infinitesimally small two-dimensional

disturbance on the basic boundary layer. In this case the

total flow field is written as

ðU ; V ; P ;CÞ ¼ ðUB;Re�1=2VB; PB;CBÞ þ �ðu; v; p; cÞ
þ Oð�2Þ; ð9Þ

where � is the infinitesimally small disturbance ampli-

tude. Substituting this expression into the system (2) and

linearising with respect to � gives

ux þ vy ¼ 0; ð10aÞ

ut þ UBux þ uUBx þ vUBy þ Re�1=2VBuy

¼ �px þ Re�1ðuxx þ uyyÞ; ð10bÞ

vt þ UBvx þ Re�1=2uVBx þ Re�1=2VBvy þ Re�1=2vVBy

¼ �py þ Re�1ðvxx þ vyyÞ; ð10cÞ

ct þ UBcx þ uCBx þ Re�1=2VBcy þ vCBy

¼ Re�1Sc�1ðcxx þ cyyÞ: ð10dÞ

The mean flow in the x-direction is assumed to be

influenced by a disturbance which is composed of a

number of discrete partial fluctuations, each of which

consists of a wave which is propagated in the x-direction
(see Schlichting [16]). It is therefore appropriate to rep-

resent a single oscillation in the following form

ðuðx; yÞ; vðx; yÞ; cðx; yÞÞ ¼ ðF 0ðyÞ;�iaF ðyÞ; iaGðyÞÞ
� exp½iaðx� ctÞ�; ð11Þ

where F ðyÞ and GðyÞ are the disturbance amplitudes, a is

the (real) stream-wise wavenumber and c ¼ cr þ ici is the
complex wave-speed. If ci < 0 the disturbance is damped

and the flow deemed to be stable, whereas if ci > 0 the

flow is unstable and the disturbance grows exponentially

with time.

In order to reduce the disturbance equations to their

standard form we make use of the boundary-layer ap-

proximation and introduce the factor

d� ¼ 1:720
Re
Rd

;

where Rd ¼ 1:720ðxReÞ1=2 is the Reynolds number based

on the local boundary-layer thickness (see [3] for full

details). Upon substituting expressions (11) into (10),

eliminating the pressure terms by cross-differentiation,

introducing the similarity variables (6) and taking into

account the transformations

F ðnÞðyÞ ¼ dn
�u

ðnÞðgÞ; GðnÞðyÞ ¼ dn
�r

ðnÞðgÞ;
we obtain the classical Orr–Sommerfeld equation for the

momentum disturbance field together with a second-

order differential equation for the concentration distur-

bance field:

ðf 0 � cÞðu00 � A2uÞ � f 000u

¼ � 1:720i

ARd
uðivÞ

�
� 2A2u00 þ A4u � 1

2
ðgf 0 � f Þu000

þ 1

2
½ðgf 000 þ f 00Þ þ A2ðgf 0 � f Þ�u0

�
; ð12aÞ

ðf 0 � cÞr þ ig0u ¼ � 1:720i

ARd

1

Sc
ðr00

�
� A2rÞ

� 1

2
ðgf 0 � f Þr0

�
; ð12bÞ

where A ¼ a=d�. This system must be solved subject to

suitable boundary conditions on the disturbance applied

at the surface and in the outer limit of the boundary

layer. The latter are simply that the disturbance decay

into the outer potential flow thus giving in the boundary

conditions

ðu;u0; rÞ ! 0 as g ! 1: ð13Þ

Two of the boundary conditions to be imposed on

the surface are no-slip and zero disturbance concentra-

tion which yield

u0ð0Þ ¼ 0; rð0Þ ¼ 0: ð14Þ

The final boundary condition is obtained from the

boundary condition (3) on the total vertical velocity V
by substituting V ¼ Re�1=2VB þ �v and C ¼ CB þ �c, and
equating terms of order �. This yields (when transformed

to the variables u, r and g)

uð0Þ ¼ 1:720h
ScRd

r0ð0Þ: ð15Þ

System (12) with boundary conditions (13)–(15)

constitutes an eigenvalue problem for cr as a function of

A and Rd. The relationship between Rd and x can be

interpreted in the following way; in determining a criti-

cal Reynolds number Rd (beyond which the flow is un-

stable) we are, in effect, determining a critical position

xcrit at which the boundary layer becomes linearly un-

stable to wave-like disturbances.

The system given by (12a) and (12b) is coupled, not

through the equations for the velocity and concentration

disturbance fields but through the inhomogeneous

boundary condition on the vertical disturbance velocity

uð0Þ, Eq. (15). As noted earlier, previous work on this

problem by Boyadjiev and co-workers [3–5,12] assumed

that the parameter h was small and thus the boundary

condition relating uð0Þ to the disturbance concentration

gradient could be approximated by u ¼ 0. This as-

sumption has the appealing effect of decoupling the
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momentum and concentration fields for the disturbance

thus resulting in a classical Orr–Sommerfeld eigenvalue

problem for the complex wave-speed. Under this ap-

proximation the effect of the interfacial mass transfer on

the flow occurs only through the coupling in the basic

flow equations. Although capturing the effect of mass

transfer on the boundary layer, this approximation

cannot correctly account for the forcing of the distur-

bance momentum transport due to the diffusion through

the permeable surface. We emphasise here that the

coupling between the momentum and concentration

disturbance fields occurs solely through the boundary

condition at the permeable surface.

This form of coupling is in contrast to, for example,

that which occurs when considering the stability of

boundary-layer flows under the influence of buoyancy

forces. In this case the coupling occurs between the

momentum field and the accompanying temperature

field and occurs in the momentum equations (see

[7,9,10,15]). This coupling between the field equations

arises due to the change in density of the fluid when it is

heated; the impact of this change upon the stability of

the flow depends upon the degree of thermal energy that
Fig. 4. Curves of neutral stability at Sc ¼ 0:7 for different values of

whereas the lower plot gives the corresponding curves in the ðRd; crÞ-
is added. This is in contrast to the current problem in

which the stability is affected via an energy input due to

diffusive mass transfer. There is, in the current model, no

direct coupling between the field equations; coupling

occurs only through the normal flux boundary condition

imposed at the permeable surface. In what follows, in

order to capture the correct physics of the flow, we re-

tain this coupling in both the basic boundary layer and

the disturbance equations. To determine the stability

of the flow we must therefore solve system (12) subject

to the full boundary conditions (13)–(15).

As the solution procedure has some important dif-

ferences over that which could be employed if the

boundary conditions were decoupled we will now pre-

sent the salient details of the numerical method we have

used.
4. Numerical method

Our solution strategy is based upon a finite-difference

discretisation of the system (12). It is convenient to write

the system in the following generic form
h. The upper plot shows the neutral curves in the ðRd;AÞ-plane
plane.
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ðD4 þ a1D3 þ a2D2 þ a3Dþ a4Þu ¼ 0; ð16Þ

ðD2 þ b1Dþ b2Þr þ b3u ¼ 0;

where D denotes d=dg; the coefficients ai ¼ aiðgÞ and

bj ¼ bjðgÞ (i ¼ 1; . . . ; 4, j ¼ 1; . . . ; 3) are given in Ap-

pendix A.

Because of the semi-infinite nature of the domain this

must be truncated at some suitably large value of

g ¼ gN � 1, chosen to ensure that the variation in the

basic flow is negligible at point i.e.

f 0ðgN Þ ¼ 1; f 00ðgN Þ ¼ f 000ðgN Þ ¼ 0;

gNf
0ðgN Þ � f ðgN Þ ¼ k; gðgN Þ ¼ g0ðgN Þ ¼ 0: ð17Þ

Also, as noted by Keller [14], to obtain the correct

exponential decay of the eigensolutions as g ! 1 we

must ensure that the far-field boundary conditions

(applied at g ¼ gN � 1) have the correct asymptotic

form. These are derived by considering the asymptotic

form of the governing equations as g ! 1 with the

result that the radiation boundary conditions can be

written as
Fig. 5. Curves of neutral stability at Sc ¼ 1 for different values of h
whereas the lower plot gives the corresponding curves in the ðRd; crÞ-
ðD2 � A2Þ D
�

þ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 16b2

0

q
� 1

4
k
�

u ¼ 0;

ðDþ AÞ D2

�
� b2

0 �
1

2
kD

�
u ¼ 0;

D
�

þ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sc2k2 þ 16b2

1

q
� 1

4
Sck

�
r ¼ 0;

ð18Þ

in the limit g ! 1. Note that in the far-field the

boundary conditions on u and r decouple. In the case

k ¼ 0 (that is ignoring the non-parallel effects arising

from the boundary-layer growth) the first two equations

in (18) reduce to those obtained by Keller [14] thus

providing a useful consistency check on our results.

Our general approach to the solution of the eigen-

value problem governed by (12) and (13)–(15) will be to

employ a second-order accurate, finite-difference dis-

cretisation of the disturbance equations. Letting uj and

rj denote values of u and r at grid point gj ¼ jh, dis-

cretising the disturbance equations using second-order

accurate centered differences [1] yields

l1uj�2 þ l2uj�1 þ l3uj þ l4ujþ1 þ l5ujþ2 ¼ 0; ð19aÞ
. The upper plot shows the neutral curves in the ðRd;AÞ-plane
plane.
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l6rj�1 þ l7rj þ l8rjþ1 ¼ l9uj; ð19bÞ

for j ¼ 1; . . . ;N . Applying the centered difference dis-

cretization to the far-field boundary conditions at

g ¼ gN serves to determine uNþ2;uNþ1 and rNþ1 through

the relations

� 1

2
uN�2 þ f1uN�1 � f2uN � f3uNþ1 þ

1

2
uNþ2 ¼ 0;

ð20aÞ

� 1

2
uN�2 þ f4uN�1 � f5uN � f6uNþ1 þ

1

2
uNþ2 ¼ 0;

ð20bÞ

rNþ1 ¼ rN�1 � f7rN : ð20cÞ

The coefficients fi and li can be found in Appendix A.

To close the system of equations (19) we turn to the

boundary conditions at g ¼ 0 and deal with the coupling

between the disturbance equations. In the absence of the

coupling at g ¼ 0 the discretisation above simply leads

to a penta-diagonal matrix equation for the ui; a simple

iteration procedure can then be used to solve for the

eigenvalues. In the presence of the boundary coupling
Fig. 6. Curves of neutral stability at Sc ¼ 50 for different values of h
whereas the lower plot gives the corresponding curves in the ðRd; crÞ-
such a scheme is not suitable and an alternate strategy is

necessary. To proceed, let us introduce an unknown

function H defined such that u00ð0Þ ¼ H . We will nor-

malise all dependent variables in (13)–(15) with respect

to H ; for instance u ¼ H ~uu so that ~uu00ð0Þ ¼ 1. Due to the

linearity of system (12) this normalization leaves the

equations unchanged except for the fact that u and r are

replaced by ~uu and ~rr. Further, let us suppose that the

value of ~rr0 is known at the boundary and denote it by D;

its value must, of course, be found as part of the solution

procedure. The boundary conditions (13)–(15) can then

be written as

~uuð0Þ ¼ 1:720h
ScRd

D; ~uu00ð0Þ ¼ 1; ~rr0ð0Þ ¼ D; ð21Þ

~uuð1Þ ¼ 0; ~uu0ð1Þ ¼ 0; ~rrð1Þ ¼ 0:

For fixed values of Sc;Rd; h and A the ‘‘eigenvalues’’

will be deemed found if the remaining two boundary

conditions ~rrð0Þ ¼ 0 and ~uu0ð0Þ ¼ 0 are satisfied. This

forms the basis of our iterative procedure for the de-

termining the eigenvalues of the Orr–Sommerfeld sys-

tem. For the sake of convenience, we shall omit the tilde

from our notation in what follows.
. The upper plot shows the neutral curves in the ðRd;AÞ-plane
plane.
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Discretising the boundary conditions (13)–(15), and

making use of (21), gives

u0 ¼
1:72h
ScRd

D; ð22aÞ

u�1 ¼
3:44h
ScRd

D� u1 þ h2; ð22bÞ

r�1 ¼ r1 � 2hD; ð22cÞ

where we have introduced the false grid point g�1 in

order to retain second order accuracy in g. To proceed

we first set up initial guesses for the eigenvalue c and the

unknown D at given values of Rd, A, Sc and h. The

system of linear equations comprising (20)–(22) is solved

for uj and rj ðj ¼ 1; . . . ;NÞ. We then iterate on c and D
until u0ð0Þ ¼ 0 and rð0Þ ¼ 0 are satisfied. The result is

the eigenvalue c ¼ cr þ ici together with the unknown D
and the corresponding eigenfunctions u and r.
5. Results and discussion

The system of equations governing the disturbance

fields was solved using the algorithm described above to
Fig. 7. Curves of neutral stability at Sc ¼ 100 for different values of

whereas the lower plot gives the corresponding curves in the ðRd; crÞ-
generate curves of neutral stability in ðRd;AÞ and ðRd; crÞ
plane on which ci ¼ 0. These are presented in Figs. 4–7.

Following the usual convention, the curves of neutral

stability delineate the boundary in the parameter space

between stable and unstable disturbances. The flow is

unstable for values of the parameter that lay inside the

neutral curve and stable outside. The calculations have

been carried out at fixed Schmidt number (Sc ¼ 0:7, 1,
50, 100) for different values of mass-transfer parameter

h. Note that the results for h ¼ 0 correspond to the case

of no mass transfer (that is, the Blasius boundary-layer

flow over an impermeable flat plate). There is no cou-

pling between the momentum and concentration fields

and the classical results concerning the linearized sta-

bility of the Blasius flow are reproduced. Furthermore,

we note that for the limiting case h ¼ 0, the change in

concentration within the boundary layer occurs simply

through the passive mechanism of diffusion.

Returning to Fig. 4 we observe that fixing the Sch-

midt number Sc and decreasing the mass-transfer pa-

rameter h (from positive through to negative values)

serves to stabilise the flow by increasing the critical

Reynolds number required for instability. This trend

holds for all Schmidt numbers as evidenced by the
h. The upper plot shows the neutral curves in the ðRd;AÞ-plane
plane.
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curves presented in Figs. 5–7. Comparing the results in

these figures for h positive and negative demonstrates

that the stabilizing effect of suction (i.e. h < 0) is more

significant than the corresponding destabilising nature

of blowing (h > 0). The destabilizing effect of the mass

transfer directed into the boundary layer (h > 0) arises

due to the addition of momentum through the coupling

of the concentration and the flow velocity in Eq. (15).

From Fig. 4 we see that the effect of positive mass

transfer (i.e. blowing from the substrate into the flow) is

to decrease the critical Reynolds number. As a conse-

quence the streamwise position at which the flow be-

comes unstable moves towards the leading edge of the

plate. This in turn hints at the possibility of an early

transition to turbulence induced by the mass transfer.

This conclusion is in general agreement with the work

[3–5,12] but corrects the errors which arise due to the

approximations of decoupling between the disturbance

fields. Comparing our results with those from Ref. [3] we

find that, in the case Sc ¼ 0:7, the critical Reynolds

number, for a value of h ¼ �0:3, is 2.1926� 103 as

compared to the value of 2.2322� 103. For h ¼ 0:3 the

respective values are 2.2100� 102 (current results) and

2.1841� 102 (results of [3]). Thus the approximate re-

sults obtained by decoupling the boundary conditions
Fig. 8. Comparison between the present resu
under-predict the correct critical Reynolds number in

cases when h > 0 and over-predict its value when h < 0.

These differences are summarised in Fig. 8. Further,

from Fig. 4 we observe that mass-transfer in the form of

blowing serves to increase both the critical wavenumber

and wave-speed. These general conclusions also hold for

higher values of the Schmidt number as is demonstrated

by the plots in Figs. 6 and 7. For ease of reference, the

changes in the critical Reynolds number, wavenumber

and wave-speed as a function of h are summarised in

Table 1.

The results presented in Table 1 demonstrate that, as

was the case for the basic flow, the higher the Schmidt

number Sc the less significant is the influence of the in-

terfacial mass transfer on the stability of the flow. This

is, perhaps, not surprising given the fact that the Sch-

midt number plays a role analogous to the Prandtl

number in heat transfer. Thus for large Schmidt num-

bers the concentration boundary layer is much thinner

than the momentum boundary layer and therefore the

effect of mass transfer is relatively weak, except in the

vicinity of the boundary. It is also important to note

that, in the case of the disturbance equations, the mag-

nitude (or extent) of the coupling between the momen-

tum and concentration field, see (14), can be measured
lts and those of Ref. [3] (dashed curve).



Table 1

Values of critical Reynolds number Rd, corresponding wave speed cr and wavenumber A at Sc ¼ 0:7, 1.0, 50, 100

h Rd A cr Rd A cr

Sc¼ 0.7 Sc¼ 1

)0.3 2192.6 0.151 0.3116 1604.9 0.155 0.3295

)0.2 1219.6 0.160 0.3462 1007.6 0.165 0.3585

)0.1 746.2 0.170 0.3772 685.8 0.170 0.3820

0.0 500.0 0.177 0.4028

0.1 361.02 0.184 0.4242 385.0 0.183 0.4201

0.2 276.3 0.188 0.4414 309.5 0.190 0.4356

0.3 221.0 0.192 0.4563 257.0 0.190 0.4466

Sc¼ 50 Sc¼ 100

)0.3 541.9 0.1762 0.3977 526.4 0.174 0.3985

)0.2 525.6 0.1752 0.3991 516.1 0.175 0.4001

)0.1 511.7 0.1763 0.4011 507.8 0.180 0.4029

0.1 489.9 0.1793 0.4047 493.5 0.178 0.4038

0.2 480.9 0.1797 0.4059 487.8 0.178 0.4045

0.3 473.1 0.1807 0.4073 482.7 0.179 0.4055
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through the parameter 1=ðScRdÞ. Thus, when the com-

bination ScRd is large the coupling is weak and the only

significant influence of the mass transfer on the stability
Fig. 9. The real ur and imaginary ui components of the eigenfunctio

curve.
of the flow comes through its effect on the underlying

boundary layer. In particular, in the case of large Sch-

midt number the results of Boyadjiev et al. [3,4,12] be-
n u at Sc ¼ 0:7 and h ¼ �0:3 at certain points on the neutral



Fig. 10. The real rr and imaginary ri components of the eigenfunction r at Sc ¼ 0:7 and h ¼ �0:3 at certain points on the neutral

curve.
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come a useful approximation for the critical flow pa-

rameters for the onset of instability.

Finally, the eigenfunctions u ¼ ur þ iui and r ¼
r þ iri for the choice Sc ¼ 0:7 and h ¼ �0:3 for certain

points on the neutral curve are presented in Figs. 9 and

10. In the range of the Reynolds numbers and mass-

transfer rates presented, the coupling has a relatively

minor effect on the initial value, uð0Þ, of the disturbance

velocity field. However, the eigenfunctions are exact (in

the sense of a second-order accurate numerical scheme).

Being able to obtain the correct form of the eigenfunc-

tions (in this case, the perturbation streamfunction) is of

utmost importance when considering the question of

non-linear disturbances to the flow. Whether the flow is

sub- or super-critically stable can only be answered by

determining the associated coefficients in a Landau-type

equation. These coefficients depend sensitively upon the

critical Reynolds number, the critical wave-number and

the associated eigenfunctions arising out of the linear

stability analysis as presented here (see Drazin and Reid

[8]). Any, non-quantifiable, error in these quantities will

lead to inaccurate predictions as to the state of the non-

linearly saturated flow.
If we look at this problem from a practical stand-

point, as distinct from the theoretical one of explaining

how and why the flow becomes unstable, then the crit-

ical requirement of any such linearized stability analysis

is to be able to accurately predict the streamwise loca-

tion at which the flow becomes unstable. The current

work allows us to do this within the context of bound-

ary-layer flows influenced by significant levels of (diffu-

sion induced) mass transfer.
6. Conclusions

We have considered the problem of instability of the

boundary-layer flow over a permeable surface under

conditions of intense interfacial mass transfer. The full

equations governing a small amplitude disturbance to

the basic boundary-layer flow were derived and solved

numerically using a modified version of a classical

technique for solving two-point boundary-value prob-

lems.

We have been able to correct the earlier results of

[3] and consistently account for the effect of coupling
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between the momentum and concentration fields. At a

fixed Schmidt number the flow is found to be increas-

ingly unstable as the level of mass transfer is increased.

The concomitant changes in the critical values of the

wavenumber and wave-speed have also been obtained.

The difference between our results and the earlier

results on Boyadjiev et al. [3,4,6,12], which were ob-

tained via an ad hoc decoupling of the disturbance

momentum and concentration fields, is of the order

of 1% in terms of the critical Reynolds number. Al-

though such a difference seems small, from the physical

standpoint of predicting the onset of transition to tur-

bulence, any such inaccuracy will lead to an erroneous

result.

Finally we note that the importance of using the

correct boundary conditions (that is, the fully coupled

ones) is tantamount if one is to correctly capture the true

physics of the instability process. For example, in the

current (correct model) a disturbance in the concentra-

tion field induces a disturbance in the momentum field

through the wall boundary condition (that is, the mass

transfer due to molecular transport is an active process).

Ignoring this effect gives results that are both mathe-

matically and physically incorrect.

Work is currently underway to extend these results to

account for finite amplitude effects in the flow. We hope

to be able to report on this work in the near future.
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Appendix A. The coefficients of the discretized equations

In this appendix we present the coefficients appearing

in the discretization of the coupled Orr–Sommerfeld

system (19)–(22).

The coefficients ai and bj, (i ¼ 1; . . . ; 4, j ¼ 1; . . . ; 3):

a1 ¼ � 1

2
ðgf 0 � f Þ; a2 ¼ �2A2 � iARd

1:720
ðf 0 � cÞ;

a3 ¼
1

2
½ðgf 000 þ f 00Þ þ A2ðgf 0 � f Þ�;

a4 ¼ A4

�
þ iARd

1:720
½A2ðf 0 � cÞ þ f 000�

�
;

b1 ¼ � 1

2
Scðgf 0 � f Þ ¼ Sca1;

b2 ¼ �A2 � iARdSc
1:720

ðf 0 � cÞ; b3 ¼
ARdSc
1:720

g0:
The coefficients lj appearing in (19) are given by

l1 ¼ � 1

h3

1

2
a1

�
� 1

h

�
;

l2 ¼ � 1

2h
a3 þ

1

h2
a2 þ

1

h3
a1 �

4

h4
;

l3 ¼ a4 �
2

h2
a2 þ

6

h4
;

l4 ¼
1

2h
a3 þ

1

h2
a2 �

1

h3
a1 �

4

h4
;

l5 ¼
1

h3

1

2
a1

�
þ 1

h

�
; l6 ¼ � 1

h3

1

2
b1

�
� 1

h

�
;

l7 ¼
1

h2
b2

�
� 2

h2

�
; l8 ¼

1

h3

1

2
b1

�
þ 1

h

�
; l9 ¼

1

h2
b3;

and the coefficients appearing in (20) are

f1 ¼
1

2
h2A2 þ hv1 þ 1; f2 ¼ hv1ðh2A2 þ 2Þ;

f3 ¼
1

2
h2A2 � hv1 þ 1;

f4 ¼
1

2
h2v3 þ hv2 þ 1; f5 ¼ hðh2Ayb2

0 þ 2v2Þ;

f6 ¼
1

2
h2v3 � hv2 þ 1; f7 ¼ 2hv4;

where we have defined

v1 ¼
1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 16b2

0

q
� 1

4
k; v2 ¼ A� 1

2
k;

v3 ¼ b2
0 þ

1

2
Ak; v4 ¼

1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sc2k2 þ 16b2

1

q
� 1

4
Sck:
References

[1] M. Abramowitz, I.A. Stegun, Handbook of Mathematical

Functions, Dover Publications Inc, 1972, p. 877.

[2] R.B. Bird, W.E. Stewart, E.N. Lightfoot, Transport

Phenomena, John Wiley, 2001.

[3] C.B. Boyadjiev, I.A. Halatchev, B. Tchavdarov, The linear

stability in systems with intensive inter-phase mass trans-

fer––I. Gas(liquid)–solid, Int. J. Heat Mass Transfer 39

(12) (1996) 2571–2580.

[4] C.B. Boyadjiev, I.A. Halatchev, The linear stability in

systems with intensive inter-phase mass transfer––II.

Gas–liquid, Int. J. Heat Mass Transfer 39 (12) (1996)

2581–2585.

[5] C.B. Boyadjiev, I.A. Halatchev, The linear stability

in systems with intensive inter-phase mass transfer––IV.

Gas–liquid film flow, Int. J. Heat Mass Transfer 39 (12)

(1996) 2593–2597.

[6] C.B. Boyadjiev, N. Vulchanov, Influence of the intensive

inter-phase mass transfer on the rate of mass transfer––1.

The system ‘‘solid–fluid(gas)’’, Int. J. Heat Mass Transfer

33 (12) (1990) 2039–2044.



I.A. Halatchev, J.P. Denier / International Journal of Heat and Mass Transfer 46 (2003) 3881–3895 3895
[7] R.A. Brewster, B. Gebhart, Instability and disturbance

amplification in a mixed-convection boundary layer,

J. Fluid Mech. 229 (1991) 115–133.

[8] P.G. Drazin, W.H. Reid, Hydrodynamic Stability, Dover

Cambridge University Press, Cambridge, 1981.

[9] H.R. Lee, T.S. Chen, B.F. Armaly, Non-parallel thermal

instability of forced convection flow over a heated, non-

isothermal horizontal flat plate, Int. J. Heat Mass Transfer

33 (1990) 2019–2028.

[10] M.J. Krane, W.P. Buchanan, The hydrodynamic stability

of a one-dimensional transient buoyancy-induced flow, Int.

J. Heat Mass Transfer 36 (4) (1993) 977–988.

[11] B. Gebhart, H. Bau, R. Greif, Y. Jaluria, R.L. Mahajan,

R. Viskanta, Thermal and Mass Diffusion Driven Flows,

Research Trends in Fluid Dynamics, American Institute of

Physics, 1996, pp. 77–91.
[12] I.A. Halatchev, C.B. Boyadjiev, The linear stability in

systems with intensive inter-phase mass transfer––III.

Liquid–Liquid, Int. J. Heat Mass Transfer 39 (12) (1996)

2587–2592.

[13] J.P. Hartnett, E.R.G. Eckert, Mass-transfer cooling in a

laminar boundary layer with constant fluid properties,

Trans. ASME 79 (1957) 247–254.

[14] H.B. Keller, Numerical Solution of Two Point Boundary

Value Problems, SIAM Regional Conference Series in

Applied Mathematics, Society for Industrial and Applied

Mathematics, Philadelphia, 1976, pp. 56–58.

[15] E.W. Mureithi, J.P. Denier, J.A.K. Stott, The effect of

buoyancy on upper branch Tollmien–Schlichting waves,

IMA J. Appl. Math. 58 (1997) 19–50.

[16] H. Schlichting, Boundary-Layer Theory, McGraw-Hill

Inc, 1979, p. 467.


	The stability of boundary-layer flows under conditions of intense interfacial mass transfer: the effect of interfacial coupling
	Introduction
	Formulation
	Linearized instability of the boundary-layer flow
	Numerical method
	Results and discussion
	Conclusions
	Acknowledgements
	The coefficients of the discretized equations
	References


